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Abstract
We propose that the consistent field renormalization of gravity requires a specific Weyl transformation of the metric
tensor. As a consequence, proper length and time, as well as energy and momentum, become functions of scale. We
estimate the functional form of the field renormalization factor by imposing a minimum resolvable distance scale under
an infinitesimal Weyl transformation. The derived transformation is applied to two key problems in quantum gravity,
its non-conformal scaling, and non-renormalizability.
PACS numbers: 04.60.-m, 04.60.Bc
1 Introduction
Renormalization is a technique for handling divergent
quantities that appear in quantum field theories. An im-
portant step in the development of the renormalization
procedure was to realize that the parameters appearing
in the original theory were actually those defined in the
infinite-energy limit, the so-called bare parameters. To
make contact with reality, the bare parameters then had
to be converted into renormalized parameters defined at
a finite energy scale. The bits of the bare parameters
that remain following this redefinition can then be rein-
terpreted as counter-terms, which may act to cancel the
divergences. If all infinities can be removed using a finite
number of such procedures, the theory is said to be renor-
malizable. Three of the four fundamental forces have been
successfully renormalized, yielding theoretical predictions
that agree with experiment to an unprecedented level of
accuracy. However, gravity is not renormalizable [1].
Why does renormalization work so well for the other
three forces, but not for gravity? Firstly, consider how
renormalization is applied in the case of quantum electro-
dynamics (QED). The QED Lagrangian is a function of
bare charge and mass, as well as bare fields. Renormalizing
only the bare parameters of charge and mass will not yield
a finite theory. It is crucial that the bare fields are also
renormalized. The same is true in perturbative quantum
chromodynamics (QCD), where one must renormalize the
quark and gluon fields, in addition to the coupling constant
and quark mass, in order to obtain a finite theory. In fact,
in all quantum field theories, field fluctuations modify bare
fields such that they become a function of scale. A bare
field φ, for example, is converted into a renormalized field
φ˜ via the process of field renormalization φ˜ = φZ−1/2(k),
where Z(k) is a renormalization factor encoding how φ
depends on the so-called coarse-graining scale k (the re-
solving power of a hypothetical microscope) [2]. However,
up until now the renormalization of the gravitational field
(the spacetime metric tensor gµν) has been neglected [3].
A scale-dependent spacetime metric is expected for
a number of physical reasons. For example, quantum
field theory dictates that the allowed energy of particle-
antiparticle pairs in the quantum vacuum increase as a
function of the resolution with which spacetime is probed.
In combination with general relativity, this implies the
metric should fluctuate with a magnitude that depends on
scale. Another reason comes from considering the mea-
surement process itself. Operationally, any finite posi-
tion measurement necessarily requires a scattering parti-
cle of non-zero momenta. Thus, gravitational interactions
within the observed region are unavoidable. The greater
the momentum of the scattering particle, the greater the
gravitational perturbation within the region under obser-
vation [4]. An observer making measurements at a specific
coarse-graining scale k will, therefore, deduce a different
spacetime metric than if measured at a different scale k′.
A scale-dependent metric is also predicted by the two lead-
ing approaches to quantum gravity, string theory [5] and
loop quantum gravity [6].
Introducing a scale-dependent metric tensor must be
done so carefully. For example, scale-dependent vacuum
fluctuations are often associated with the vacuum disper-
sion of light. This is because high-energy photons resolve
spacetime on smaller distance scales than their lower en-
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ergy counterparts, and so are expected to encounter larger
metric fluctuations, leading to an energy dependent speed
of light. However, recent astronomical data from the Fermi
space telescope has now definitively shown the speed of
light to be independent of energy up to 7.62EP (with
a 95%CL) and ' 4.8EP (with a 99%CL) [7] for linear
dispersion relations, where EP is the Planck energy. We
take these experimental results seriously, seeking a scale-
dependent metric for which the speed of light is scale-
independent.
Conformal transformations are localized scale trans-
formations for which the angle between vectors is scale-
invariant, which includes the angle between null vec-
tors that define the light-cone. Conformal transforma-
tions, therefore, seem ideally suited to describing a scale-
dependent metric and a scale-independent speed of light.
A conformal transformation is a change of coordinates
xµ → x˜µ(xµ) such that the metric tensor transforms ac-
cording to gµν → Ω2(xµ)gµν , where Ω(xµ) is a twice
differentiable dimensionless function of spacetime coordi-
nates xµ [8]. However, a conformal transformation is just
a special type of coordinate transformation, a diffeomor-
phism [8]. That is, under a conformal transformation the
metric is fundamentally the same, just with shifted coor-
dinates. Thus, a conformal transformation cannot fulfill
the requirements necessary for the field renormalization of
gravity.
We seek a transformation under which the metric ten-
sor fundamentally changes as a function of resolving power.
This motivates the use of the Weyl transformation. A
Weyl transformation is similar to a conformal transforma-
tion, in that it allows a scale-dependent metric while pre-
serving a scale-independent speed of light, but it is also
distinctly different. A Weyl transformation is not a co-
ordinate transformation at all, it is a physical change of
the metric tensor gµν → Ω2(xµ)gµν ≡ g˜µν , where g˜µν is a
fundamentally different metric that cannot be related to
the original via a simple diffeomorphism.
A normal Weyl transformation allows the metric to
change arbitrarily as a function of spacetime coordinates
xµ. In this work, we seek the field renormalization of
gravity and so we wish to investigate how the spacetime
metric gµν changes as a function of the resolving power
k. We therefore assume a specific Weyl transformation
gµν (x
µ) → Ω2(k)gµν (xµ) ≡ g˜µν (xµ)k, where Ω(k) is an
as yet unknown function of the coarse-graining scale k [2].
In order that we recover classical physics in the appropri-
ate limit requires that Ω(k)→ 1 as k → 0.
For completeness, we therefore state our postulate as:
Postulate. At each spacetime point xµ the bare metric
tensor gµν (xµ) is rescaled according to
gµν (x
µ)→ Ω2(k)gµν (xµ) ≡ g˜µν (xµ)k , (1)
where Ω(k) is a dimensionless function of the coarse-
graining scale k (the resolving power with which spacetime
is probed), subject to the constraint Ω(k) → 1 as k → 0,
and g˜µν (xµ)k is the renormalized k-dependent metric ten-
sor.
The aim of this paper is to compute the primary physi-
cal implications of this Weyl transformation, estimate the
functional form of the Weyl factor Ω(k), and determine
whether such a transformation of the metric might be suf-
ficient to make quantum gravity renormalizable.
2 Some immediate implications
The length r of any contravariant Riemannian vector ζ can
be written in tensor form as
r2 = gµνζ
µζν , (2)
where ζµ and ζν are arbitrary vectors and gµν is the sym-
metric metric tensor. Under a Weyl transformation of the
metric tensor
gµν(x
µ)→ Ω2(k)gµν(xµ) ≡ g˜µν(xµ)k, (3)
the length of any vector r˜ in the new renormalized metric
g˜µν(x
µ)k is then [9]
r˜2 = g˜µν(x
µ)kζ
µζν = Ω2(k)gµνζ
µζν = Ω2(k)r2. (4)
Likewise, the infinitesimal length of any vector in the
renormalized metric is
dr˜2 = g˜µν(x
µ)kdζ
µdζν = Ω2(k)gµνdζ
µdζν = Ω2(k)dr2.
(5)
Since the null interval ds2 = 0 and hence speed of light
c = dr/dt are invariant under a Weyl transformation, the
rescaling of infinitesimal distance of Eq. (5) immediately
implies that time intervals dt must scale according to
dt→ Ω(k)dt ≡ dt˜. (6)
Thus, both distance and duration are a function of scale
in this scenario, analogous to how distance and duration
are a function of relative speed in special relativity.
The spacetime interval ds2 = gµνdxµdxν transforms
according to
ds2 → Ω2(k)ds2 ≡ ds˜2, (7)
as can be verified using the transformation of Eq. (3)
on ds2 = gµνdxµdxν . A Weyl transformation therefore
changes space-like and time-like intervals, but leaves null
intervals invariant.
A local scale transformation acts on momentum in the
opposite way to position [10], namely
p→ p
Ω(k)
≡ p˜. (8)
The mathematical reason for this is that the product of po-
sition and momentum should be dimensionless in natural
units. The physical reason is that probing a smaller region
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of spacetime requires higher frequency modes of momen-
tum [10]. Energy must then scale identically via
E → E
Ω(k)
≡ E˜, (9)
since the speed of light c = E/p must remain invariant
under a Weyl transformation.
Just as quantum fluctuations are present in the QED
vacuum, for example, it is reasonable to assume that met-
ric fluctuations should also be present in the gravitational
vacuum of flat spacetime [11]. Assuming this is the case
then the Weyl transformation of Eq. (3) means that the
proper length r must also be modified in flat spacetime.
Let frame F ′ be an inertial frame of reference in which
some length L′ is at rest. According to our Weyl transfor-
mation of proper length this means that L′ → Ω(k′)L′ ≡
L˜′, where L′ is measured at a coarse-graining scale k′ by
an observer in frame F ′. Similarly, let F be a frame in
which the length L′ is moving with a relative velocity vx
in the x-direction (here we consider only (1+1) dimensions
for simplicity). In frame F we then have L→ Ω(k)L ≡ L˜,
when measuring at a coarse-graining scale k in frame F .
If L˜ = L˜′/γ, where γ = 1/
√
1− v2x/c2, then
L =
L′
γ
Ω(k′)
Ω(k)
. (10)
The modified expression for Lorentz contraction of
Eq. (10) implies a modified Lorentz transformation of the
x coordinate of
x′ = γ(x− vxt) Ω(k)
Ω(k′)
, (11)
as can be verified by setting L′ ≡ x′2 − x′1 and t2 = t1 and
performing the standard derivation of length contraction,
which returns Eq. (10).
Similarly, we can consider a clock at rest in frame F ′,
which via Eq. (7) implies ∆t′ → Ω(k′)∆t′ ≡ ∆t˜′. For an
inertial frame F relative to which the clock is moving we
have ∆t→ Ω(k)∆t ≡ ∆t˜. If ∆t˜ = γ∆t˜′, then
∆t = γ∆t′
Ω(k′)
Ω(k)
. (12)
The modified time dilation of Eq. (12) implies a modified
Lorentz transformation of the t coordinate of
t′ = γ
(
t− vxx
c2
) Ω(k)
Ω(k′)
. (13)
Thus, when observations are made at the same coarse-
graining scale k = k′ in both inertial frames, or in the limit
of small k and k′, we recover the usual Lorentz transfor-
mations, otherwise they are modified.
3 Estimating Ω(k)
An infinitesimal Weyl transformation is given by
δgµν(k) = (k)gµν , where (k) is dimensionless and
|(k)|  1 [12, 13]. Therefore,
gµν → gµν + δgµν(k) = gµν (1 + (k)) ≡ g˜µν(xµ)k, (14)
hence Ω2(k) = 1 + (k). Under such a transformation vec-
tor length scales as
r˜2 = (1 + (k)) r2 =
(
r2 + r2(k)
)
. (15)
If the perturbation δgµν is sufficiently weak, (k) should
admit a perturbative series expansion. Since the Weyl fac-
tor must be dimensionless we perform a series expansion in
the dimensionless combination lk, where l is an arbitrary
constant with dimensions of length. The product r2(k)
in Eq. (15) then becomes
r2(k) = r2
∞∑
n=0
an (lk)
n
, (16)
where an are coefficients.
When the physical radius of curvature, as measured in
the renormalized metric g˜µν(xµ)k, is much greater than
1/k, the WKB approximation of mode functions can be
used to show that the coarse-graining scale k is given by
k ' pi/r, where r is the linear extension of the averaging
region [2]. For small perturbations δgµν about flat space-
time we therefore have
r˜2 ' r2 + r2
∞∑
n=0
an
(
l
pir
)n
. (17)
The requirement that r˜ = r as r →∞ excludes any terms
for which n < 2 in Eq. (17).1
We now impose the condition that there is a minimum
resolvable distance scale r˜ = l, which will further constrain
the functional form of (k). The motivation for a minimal
length is clear: it is a direct consequence of the uncertainty
principle, the equivalence principle and a finite and con-
stant speed of light [14]. Even a straightforward combina-
tion of general relativity and quantum field theory leads
to the prediction of a minimal length. The uncertainty
principle says that measuring ever shorter distances re-
quires concentrating ever larger amounts of energy within
ever smaller regions of spacetime. However, this process
cannot continue indefinitely. Eventually, the energy den-
sity becomes great enough that the region being measured
collapses into a black hole, preventing the measurement
of any distance smaller than its Schwarzschild radius. At-
tempting to probe yet shorter distances by adding yet more
energy simply results in a bigger black hole [15, 14]. A
fundamental length, therefore, seems to be an inevitable
feature of quantum gravity [16]. Arguments based on loop
1Note that negative values of n are also excluded by the condition r˜ = r as r →∞.
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quantum gravity [16, 17, 18], string theory [19, 20] and
other approaches to quantum gravity [16] also support this
picture.
The requirement that r˜ = l as r → 0 excludes any
terms for which n > 2 in Eq. (17). Therefore, the only term
that reproduces classical physics in the appropriate limit
and is consistent with a minimum length scale is n = 2.
Thus, assuming (k) admits such a series expansion and
k ' pi/r, the only Weyl factor for which r˜ = l as r → 0
and r˜ = r as r →∞ is
Ω(k) '
√
1 + (lk)
2
. (18)
The functional form of Eq. (18) is in good agreement with
existing literature. In particular, calculations of quan-
tum conformal fluctuations [11], quantum gravitational
corrections to the propagator [21], linearized general rel-
ativity [4], lattice quantum gravity [22, 23, 24] and the
Bekenstein-Hawking area law [24] are all consistent with
Eq. (18).
4 Application to quantum gravity
In this section, we apply our Weyl transformation to two
open problems in quantum gravity; conformal scaling and
renormalization. We do not claim that the proposed trans-
formation of spacetime definitively solves these, or any
other, problems in quantum gravity. Rather, the hope is
that these results capture some key features of a solution
that can be further explored and expanded upon.
4.1 High-energy conformal scaling
There exists a long-standing argument first put forward
by Banks [25] and later detailed by Shomer [26] that sug-
gests gravity cannot possibly be a renormalizable quantum
field theory. Their argument is that since a renormalizable
quantum field theory is a perturbation of a conformal field
theory (CFT) by relevant operators, the high-energy spec-
trum of any renormalizable quantum field theory should
be equivalent to that of a CFT. However, this is not true
for gravity [26]. We now review this problem in more detail
before proposing a possible solution.
Using dimensional analysis, the extensivity of the
quantities involved and the fact that a finite-temperature
conformal field theory has no dimensionful scales other
than the temperature T , it follows that the entropy S of
any 4−dimensional CFT must scale according to
S ∼ a(rT )3, (19)
and the energy E according to
E ∼ br3T 4, (20)
where a and b are dimensionless numerical coefficients and
r is the radius of spacetime under consideration. From
Eqs. (19) and (20) we have
S ∼ aE
bT
. (21)
From Eq. (20) we obtain
T ∼ E
1
4
b
1
4 r
3
4
. (22)
Substituting Eq. (22) into Eq. (21) we find that the en-
tropy of a CFT is2
SCFT ∼ a
b
3
4
E
3
4 r
3
4 . (23)
For gravity, however, one expects that the high-energy
spectrum will be dominated by black holes [25, 26, 27].
The entropy of a semi-classical black hole is
SGrav =
A
4G
=
pir2
l2P
, (24)
where r is the Schwarzschild radius of the black hole and
we have used G = l2P . It is now clear that Eqs. (23)
and (24) do not agree. Thus, Banks and Shomer conclude
that gravity cannot possibly be a renormalizable quantum
field theory. This is a serious challenge to quantum gravity
that demands a resolution. We now show how this prob-
lem may be resolved via the proposed renormalization of
spacetime.
Under our Weyl transformation, distance transforms
according to r → Ω(k)r. The entropy of Eq. (24) then
becomes
SGrav → piΩ
2(k)r2
l2P
. (25)
We now ask what function Ω(k) makes the high-energy
spectrum of gravity scale in the same way as a confor-
mal field theory? That is, what function is necessary to
make SGrav = SCFT ? To answer this question we form
the equation
piΩ2(k)r2
l2P
=
a
b
3
4
E
3
4 r
3
4 , (26)
which requires that
Ω2 (k) ' C l
2
P
r2
, (27)
where we have assumed E ' pi/r and defined the dimen-
sionless constant C ≡ a/(pi 14 b 34 ).
Since the WKB approximation of mode functions im-
plies k ' pi/r [2], Eq. (27) therefore tells us that Ω(k)
must behave like Ω(k) → √ClP k in the high-energy
2The scaling of Eq. (23) differs from that proposed by Shomer [26], according to which S ∼ E 34 in 4 dimensions, but agrees with that found by
Falls and Litim [27]. As pointed out by Falls and Litim the scaling relation S ∼ E 34 can only be correct if the radius r is assumed to be constant, an
assumption that is unjustified in this context.
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limit.3 However, in the low-energy limit we must recover
Ω (k) = 1, in order to reproduce classical physics and the
Lorentz group. A Weyl factor of
Ω (k) '
√
1 + C (lP k)
2 (28)
satisfies both these requirements, since Ω(k)→ √ClP k in
the high-energy limit (1/k  lP ) and Ω(k) → 1 in the
low-energy limit 1/k  lP .4 Therefore, if the Weyl factor
is that of Eq. (28) then the high-energy spectrum of grav-
ity scales in the same way as a CFT, thereby apparently
resolving the Banks [25] and Shomer [26] argument. Note,
a comparison of Eqs. (18) and (28) implies that l ∝ lP ,
where lP is the Planck length. Ω (k) will thus only signif-
icantly deviate from unity near the remote Planck scale,
hence standard physics will remain safe and sound up to
all but the most extreme scales.
4.2 Renormalization
The Green’s function for a massless free scalar field Φ(xµ)
in flat Euclidean space [11] is given by
G(xµi , x
µ
j ) ≡
∫
DΦ(xµj )Φ(xµi ) exp
i
2S[Φ] =
(4pi2)−1(
xµj − xµi
)2 .
(29)
If the proper distance r2 =
(
xµj − xµi
)2 transforms accord-
ing to Eq. (18), with k ' pi/r, then the Green’s function
is modified to
G(xµi , x
µ
j )→ G˜(xµi , xµj ) '
(4pi2)−1(
xµi − xµj
)2
+ pi2l2
. (30)
In the limit of zero classical distance (xµi → xµj ) this yields
the finite result
G˜(xµi , x
µ
j )xµi→xµj =
(4pi2)−1
pi2l2
, (31)
where r˜ = l is a minimum renormalized distance scale. A
Green’s function that remains finite in the limit of zero
classical distance is known to remove the ultraviolet diver-
gences present in quantum field theories [11, 16].
We now apply the proposed Weyl transformation to a
quantum field theoretic description of gravity. Gravity as a
perturbative quantum field theory in d-dimensional space-
time dictates that momentum p scales with loop-order L
as ∫
pA−[G]Ldp, (32)
where [G] denotes the canonical mass dimension of the
gravitational coupling and A is a process-dependent con-
stant that is independent of L [29]. In 4-dimensional space-
time [G] = −2, and so the integral of Eq. (32) grows with-
out bound as the loop-order L increases in the perturbative
expansion. Thus, gravity as a perturbative quantum field
theory is said to be power-counting non-renormalizable.
Here, we show that the integral of Eq. (32) becomes finite
under a specific transformation of momentum.
Differentiating p˜ with respect to p via Eqs. (8) and (18)
for a coarse-graining scale k ' p gives
dp˜ = (Ω(p))
−3
dp. (33)
Substituting Eqs. (8) and (33) into Eq. (32) we find that a
Weyl transformation changes the perturbative expansion
of gravity in 4-dimensional spacetime to∫
pA+2Ldp→
∫
pA+2L
(Ω(p))
3+A+2L dp. (34)
In the infrared limit Ω(p)→ 1, so we have the same scaling
as before the transformation, namely ∼ pA+2L. However,
in the ultraviolet limit Ω(p) behaves like Ω(p) ∼ p, so the
integrand of Eq. (34) scales as ∼ p−3.
Figure 1 shows the integrand of Eq. (34), denoted by
F (p), plotted as a function of the momentum scale p (with
l = A = 1) for L = 0 − 5 loop-orders. As can be seen in
Fig. 1, F (p) increases to a finite maximum and then sub-
sequently decreases to zero in the limit p→∞ for all loop-
orders. Figure 1 therefore provides quantitative evidence
that the scale transformation proposed in this work sup-
presses divergences usually present in the quantum field
theoretic description of gravity, raising the exciting pos-
sibility that gravity may become renormalizable in this
scenario.
0 1 2 3 4 5
p
0.05
0.10
0.15
0.20
0.25
0.30
0.35
F(p)
L = 0
L = 1
L = 2
L = 3
L = 4
L = 5
Figure 1: The integrand of Eq. (34) (F (p)) plotted as a func-
tion of the momentum scale p, with l = A = 1 for L = 0 − 5
loop-orders.
3In the presence of strong curvature it is possible that r may significantly deviate from pi/k, although in Ref. [28] it was shown that for S4 the relation
r ∝ 1/k remains valid all the way towards k → ∞. Furthermore, since the high-energy spectrum for gravity is dominated by black holes, increasing E
corresponds to increasing the size of the black hole, thereby lowering the curvature at the horizon. It is possible that the approximation r ' pi/k may
then become exact in the infinite-energy limit.
4We can make a consistency check by substituting Ω(k) ' √ClP /r back into Eq. (26) to obtain (api3/4)/b3/4 = (api3/4)/b3/4, where we have used
E = pi/r. Thus, SGrav scales in the same way as SCFT in the high-energy limit, in that neither scale (both becoming dimensionless constants).
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5 Discussion and conclusions
A reduction in the number of spacetime dimensions as a
function of scale has now been observed in a wide variety
of approaches to quantum gravity [30, 31, 32, 33, 34, 6, 35].
Almost universally, these approaches find the same dimen-
sional reduction from four at large distances to just two at
ultra-small distances. A reduction to two dimensions near
the Planck scale would make gravity renormalizable since
in this case, the gravitational coupling becomes dimension-
less so that Eq. (32) is no longer divergent. Furthermore,
in two dimensions gravity scales in the same way as a con-
formal field theory [27], which also resolves the argument
outlined in section 4.1. However, this so-called dimen-
sional reduction has a number of unphysical consequences
including the deformation or violation of Lorentz invari-
ance and typically implies an energy-dependent speed of
light [23, 24], a prediction that is becoming increasingly
constrained by recent astronomical experiments [7]. In this
work, we have shown that a simple rescaling of the metric
tensor can reproduce the desirable features of dimensional
reduction, without resorting to a change in dimensionality.
If the metric tensor runs as a function of the coarse-
graining scale k according to g˜µν (xµ)k = Ω
2(k)gµν (x
µ),
then proper length and time, as well as energy and mo-
mentum, also become running functions of scale. Modified
Lorentz transformations follow as a direct consequence of
the Weyl transformation considered in this work. We es-
timate the Weyl factor Ω(k) by assuming a minimum re-
solvable distance scale under an infinitesimal Weyl trans-
formation. The application of the derived transformation
to two open problems in quantum gravity, the high-energy
conformal scaling and renormalization problems, has pro-
duced some promising initial results. However, in order to
more definitively test whether the proposed transforma-
tion of the spacetime metric is sufficient to make quantum
gravity renormalizable requires a more detailed study.
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